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A vector space approach for generating the response of linear
multi-degree-of-freedom time-invariant and time-varying dynamic systems using
Hamilton’s law of varying action (HLVA) is presented. The boundary (initial)
condition constraints on the temporal-basis-function expansions of the
time-dependent variables has been removed, while preserving HLVA in its
original form. This provides for the broadest choice of basis functions. As a
result of this new approach, it has been demonstrated that the response of
dynamic systems are composed of temporal modes herein denoted as
fundamental-time modes (FTM). Using these fundamental-time-modes, the
general solution for the system response is obtained without reference to
initial conditions or forcing functions. The unique response of the system is
subsequently generated by using the initial conditions and forcing functions
to scale the FTM. This new approach is demonstrated to provide the
exact analytical response, as well as provide accurate numerical response
solutions to a forced-damped-spring-mass system, using admissible
temporal-basis functions (TBF). The numerical response solutions using Gaussian
radial basis functions, are compared to those obtained by using power-series and
third order Hermite polynomials. The new methodology, which will be referred to
as the universal method, in conjunction with Gaussian TBF has permitted use of
transition intervals (ordinarily referred to as time steps) of unprecedented length
(larger than the period of the motion) while still maintaining an accurate response
solution.

© 2000 Academic Press

1. INTRODUCTION

Over the past two decades, Hamilton’s law of varying action (HLVA) has been
applied to linear, non-linear, time-invariant and time-varying dynamic systems to
solve the response problem directly, without the use of differential equations of
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motion [1-11]. HLVA may be expressed as

ty or _ |v
J (5T+5W)dt—2£5q, =0, 1)
to r r

to

where ¢,(t) is the dependent variable representing the displacement (which may or
may not be a generalized co-ordinate) of the rth degree of freedom (d.o.f.) for an
n-d.o.f. system. T is the kinetic energy and 6W is the virtual work expression. The
operator ¢ is defined in the sense of Bailey [12]. HLVA originally being set forth by
Hamilton [13, 14] in his classic 1834 and 1835 papers presenting a general energy
method in dynamics, had not been used successfully to obtain direct solutions to
initial value problems until its implementation by Bailey [ 1] beginning in the 1970s.

Until this work, the implementation of HLVA has never been viewed from
a vector space perspective. As a result, previous researchers have been bound to the
idea that the dependent variables must be represented by a basis function
expansion constrained to include the initial conditions [6], or that the use of
unconstrained basis functions require that HLVA be augmented with Lagrange
multipliers [10]. However, neither of these notions is a requirement for
implementing HLVA as demonstrated in this work.

Herein, the implementation of HLVA as interpreted from a vector-space
perspective, provides a solution methodology whereby the dependent variables
may be represented by an expansion of any unconstrained admissible set of basis
functions, while preserving HLVA in its original form (without Lagrange
multipliers). As such, this new methodology will be denoted as the universal
procedure.

All previous methods of implementation require the initial conditions at the
outset in order to solve for the response of linear systems. However, the universal
procedure provides the general system response without specifying the initial
conditions or forcing functions. The unique response can subsequently be
generated using the initial conditions and forcing functions.

The following section will present the universal procedure for implementing
HLVA as provided by the vector-space perspective. Until this work, the
implementation of HLVA has been depicted primarily as a numerical procedure.
In section 2.3, for the first time, HLVA (via the universal procedure) will
be demonstrated to provide the exact analytical response to a
forced-damped-spring-mass system. This analytical example will also serve to
provide clarity to the presentation of the universal method.

Section 3 will introduce the use of Gaussian radial basis functions as
temporal-basis functions and will compare the errors in the calculated response
against the errors using power-series and third order Hermite polynomials. Section
3.1 introduces a straightforward method to check the accuracy of the calculated
response, without reference to differential equations of motion.

A spin-off of this vector space perspective, is the discovery that the response of
dynamic systems are composed of fundamental-time modes (FTM). These FTM
are not directly the response of the system itself, but are more basic than the
response and will be discussed in section 4.
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2. VECTOR-SPACE PERSPECTIVE

2.1. TRADITIONAL PROCEDURE

As a prelude to presenting the universal procedure, the traditional procedure for
implementing HLVA will be presented from the vector-space viewpoint for the first
time. This will provide a consistent comparison between the traditional and
universal procedures for implementing HLVA. The reader is referred to reference
[1-4, 8,11,12] for details and examples of the traditional procedure from
a non-vector-space perspective.

From the vector-space viewpoint, HLVA is an operator that maps the time
integral of the work done by all of the forces (including inertia forces) acting on or
within the system to zero. HLVA operates in the vector space of functions % 754,
containing the displacements and their derivatives which satisfy the operator. This
vector space Z " is a subspace of the vector space of polynomials P.

According to the representation theorem of linear algebra [15, 16] as applied to
HLVA, the operator HLVA has a matrix representation [P7]; with respect to
a basis [Y(1)] € ZH", The matrix [P]; is constructed by representing the
dependent variables ¢(t) in terms of an expansion of admissible basis functions in
time [(1)] e Z 1LV,

q(t) =[W(@®]a or q(t) = [V(I)]A, (2)

where time is usually non-dimensionalized with t = ¢,7,0 < 1 < 1, 4; = t;a;, where
we assumed t, = 0 without loss of generality. The constant coefficients A constitute
the unknowns of the dynamics problem. These admissible basis functions which
will be denoted more descriptively as temporal-basis functions (TBF), span the
vector space ZHLV4 and provide a transformation to the vector space of
co-ordinates F”, the co-ordinates being the unknown expansion coefficients A.

A natural basis for the vector space P, and thus . #" is the power series [15]
(this is also evident by Weierstrass’s theorem) and have been used successfully as
TBF to represent the time-dependent co-ordinates for discrete and distributed
systems by several authors [1-5,9, 11], yielding outstanding accuracies. Upon
substituting the various power-series TBF expansions into HLVA, and factoring
out the independent variations of the unknown expansion coefficients, a system of
linear non-homogeneous equations are obtained

[P1rA =by. 3)

By virtue of the form of the power series in time, the first and second expansion
coefficients are recognized as the known initial displacement and initial velocity,
respectively, and are contained in the non-homogeneous term by, along with
possible forcing functions. Consequently, the traditional system of equations (3) are
non-homogeneous whether or not external forces are present. These equations
are denoted as the algebraic equations of motion (AEM), and can be solved for the
constant expansion coefficients A using a linear matrix equation solver, once
the initial conditions are input into the non-homogeneous term.
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Once the expansion coefficients A (co-ordinates in F") are determined, they may
be reattached to the TBF per equation (2), thus transforming the solution back to
the vector space Z 11" thereby providing a functional form of the system response.
The solutions may be marched in time, by updating the right-hand side of
equations (3) at the beginning of each subsequent transition interval, and by taking
the initial conditions of the current interval as the final conditions of the previous
interval.

The traditional procedure previously described is shown graphically in Figure 1,
where the traditional path (procedure) is shown in the vector space F”.

2.2. UNIVERSAL PROCEDURE

The following will describe a new approach for solving the AEM where all of the
TBF expansion coeflicients are treated as unknowns. As such the AEM take the
forms

[PJA=0 and [P]JA =h. (4,ab)

The system is non-homogeneous when external forces (which are not functions of
the displacement and its derivatives) are present (b # 0), otherwise the right-hand
side is zero, resulting in the homogeneous system of equations (4a).

2.2.1. Free vibration (homogeneous solution)

With all of the expansion coefficients A treated as unknowns, the resulting AEM,
equation (4a), for the free vibration of any N d.o.f. dynamic system, requires that
a non-trivial solution vector A reside in the null space of [ P]. Moreover A will be
comprised of a linear combination of the null space basis vectors. In order to
determine the null space basis vectors, we consider the eigenvalue problem

[P]E = JE = 0, (5)

where for each eigenvalue A, s =1, 2,...,nN, the corresponding eigenvector Eg
consists of n components for each d.o.f. [elel ---eleie’ ---e? ---eYel --- e)]!, where
n is the number of TBF used to represent each d.o.f. [ P] is of size nN x nN and will
be denoted henceforth as the fundamental algebraic system matrix. Equation (5) is
valid for the transition interval (0, t;). The transition interval chosen depends on
how well the TBF approximate the eigenfunctions of the HLVA operator. This will
be made clear in Section 2.3.

Two initial conditions, g(0) and ¢(0), in the free vibration solution space (null
space) in FH are necessary to characterize the trajectory for each d.o.f.
Therefore, the dimension of the null space of Z#" for an N d.o.f. system is 2N.

Now, consider the vector space F". From linear algebra, the solutions of
[P]E = 0 reside in the null space of [ P] in F”". A basis for the null space of [ P] is
the set of eigenvectors {E} corresponding to the set of eigenvalues {1 = 0}. From
the representation theorem, if there are 2N basis vectors in the null space of F HLV4,
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then there must be 2N basis vectors in the null space of F". These basis vectors
{E} € F" are associated with the set of 2N eigenvalues {4 = 0}.

Figure 1 shows, pictorially, the representation theorem as applied to the
traditional and universal procedures associated with HLVA. Here, in the vector
space of co-ordinates K", the co-ordinates (expansion coefficients) A are related to
the modal co-ordinates f§ through the change of the basis matrix (modal matrix)
[Eq E; - Eay].

Hamilton’s law of varying action in the form of equation (1) or (5) is exactly
satisfied and provides the exact response, when the exact eigenfunctions
(corresponding to the zero eigenvalues) of equation (1) are used as the TBF (see
section 2.3). However, for the general application of HLVA, it is not necessary or
practical to obtain the eigenfunctions. Consequently, other trial TBF will be used
which will serve to span the vector space Z "% and thus approximate the
response of the system. The degree to which the unique response of a dynamic
system will be approximated is dependent on how completely these trial TBF span
this vector space. These trial TBF may be varied in quantity and character, until
a satisfactory approximation to the response is achieved. The AEM resulting from
the use of these trial TBF will be denoted as the trial AEM and will be represented
as

A A

[PIE =JE =0. (6)

where ( * ) denotes the trial entities. A satisfactory approximation to the response
can be judged by the degree to which 2N eigenvalues of [ P] approach zero. The
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Figure 1. Representation theorem as applied to HLVA.
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closer the set of resulting eigenvalues are to containing 2N zeros, the better the trial
TBF are at spanning the vector space Z 5", and the closer the calculated response
will be to the exact solution. When 2N eigenvalues have converged to zero, we then
know that the eigenvectors corresponding to the set {4 = 0} form a basis for the
solution space in F”. At the same time the set of eigenvectors corresponding to the
set of eigenvalues {4 # 0} form a basis for the range space of [P] in F” (see section
2.2.2). At this point, the trial system matrix [ P] has converged to the fundamental
algebraic system matrix [ P], having selected the final choice of TBF. There will
result two zero eigenvalues of [P] per d.of. along with their corresponding
eigenvectors E;, i = 1, 2,...,2N, which are a basis for the general free vibration
solution (null space) in F”".

The unique free response for the N d.o.f. system in .Z ¥ may be expressed by
reattaching the unique set of expansion coefficients A € F* to the TBF
[W(0)] e 77,

q1(7) \ Al
. A2

a0 =2 v ||, )
wo) L[4

where the superscript on the expansion coefficient is the d.o.f. index.

To generate the unique response, the product of the TBF and these unique
expansion coefficients must satisfy the initial conditions. The expansion coefficients
can be represented by a linear combination of the eigenvectors (modal vectors) E;:

Al
2

={Ef1 + Ezf + -+ 4+ Exnfong, (®)
AN
where the f; are the modal co-ordinates, and serve to scale the modal vectors E;,
such that the expansion coefficients A satisfy the initial conditions.

Substituting equation (8) into equation (7) the free response for the N d.o.f.
system may be expressed as

q1(7)
q2(7) ) v |
q(7) = : = | V(1) |{Eif1 + Exf, + -+ + Eonfon) = '21 V(1) |E;p;
qn(7) ) \
\ "
= (V(7) [[E]lnfy = [q*(t)InfN = '21 q*(7) Bi, 9)

\
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where
qi(f) \
w492 (7) . .
q¥(r) = : ={y()|E;, (i=12,...,2N). (10)
. \
qx(z)

The eigenvectors (modal vectors) in K" do not have any spatial content, but are in
actuality co-ordinates with respect to the TBF, and may be considered as weights
for each corresponding TBF for the current time interval of the AEM. Once these
modal vectors are attached to the TBF as in equation (10), the resulting products
q;*(7) take on a temporal nature. Therefore, this product q(7) of the TBF and the
modal vectors are denoted as fundamental-time modes (FTM). The qualifier “time”
is used to indicate that these modes are temporal, and the prefix “fundamental” is
used to emphasize that these modes are the basic building blocks of the system
response.

The FTM g () serve to constitute the displacement and velocity for the N d.o.f.
system as follows:

q(v) = qf()f1 + @ (D)f2 + - + @En(D) o, (11)
q'(0) =qi'(Df1 + @3’ (D2 + - + q3n(D) fan. (12)

The free response of a linear system consists of 2N FTM per d.o.f. regardless of the
number or type of TBF used. Equation (11) represents the general solution to the
free vibration problem, no initial conditions having yet been invoked, and where
q}(z) span the solution space of Z ", for the N d.o.f. system.

Once the general solution is obtained, the unique response for each d.o.f.
may be generated by solving for the modal co-ordinates f;, using the initial
conditions. The modal co-ordinates thus serve to scale or normalize the FTM such
that the initial conditions are satisfied. The product of the modal co-ordinates and
the FTM are therefore denoted as the normalized-time modes (NTM). The prefix
“normalized” refers to the fact that the FTM were normalized by the modal
co-ordinates.

Putting equations (11) and (12) in matrix form, we have

q1(7)
q2(7)
B ‘
gn(7)
@@ - gy @ ) B2 | _{
[q’f/(r)q’z’"(r)--- qzﬂN(r)J (|10 (13)
q>(7)
ﬂZN :
qn(1)
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where the qi(t) are N-tuples for the N d.o.f. system. The modal co-ordinates f5; can
be easily solved for, once the initial conditions are substituted into the right-hand
vector in equation (13). Once the f; are determined, the response for the current
time interval may be constructed from equation (11).

2.2.2. Forced vibration (particular solution)

Now consider the vector space co-ordinates in F" again. From linear algebra, the
solutions of [ P]A = b reside in the range space of [ P] in F". For n number of TBF
and N d.o.f. the dimension of [P] is nN x nN. Since the null space has dimension
2N, the rank and nullity theorem of linear algebra conclude that the dimension of
the range space is N(n — 2). A basis for the range space of [ P] is the N(n — 2) set of
eigenvectors {E} corresponding to the N(n — 2) set of non-trivial eigenvalues
{2 #0} of [P]. As with the free vibration solution, the particular solution in
FHE A may be expressed as a linear combination of the corresponding FTM for the
range space. There are N(n — 2) FTM for the particular solution and they are
defined as in the free vibration problem,

\
qt =|Y()|E, i=2N+1,...,Nn. (14)

\

These FTM may then be assembled to produce the general form of the particular
solution for the N d.o.f. system as

q°(0) = @n+ 1 (D Pon+1 + W20 Pans2 + -+ + qFa(7) B (15)

Thus, without specifying the forcing function, we have the general form of the
forced vibration (particular) solution q”(z), for the system.

Once the general form of the forced vibration solution is obtained, the time
response due to a specified forcing function may be determined, by scaling the
range space modal co-ordinates (f3;)z using the specific forcing function vector b. To
aid in visualizing this, the general form of the particular solution for all of the
N d.of. is presented in matrix form,

B 7 ﬁ2N+1
. p
")) = | W@ [[Esvet Eaves - Ew1{ "7 (16)
B \_ ﬁNn
R \
= [V(7) [[ElrBr = | V(1) |Ag,
] \
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where Ag = [A' A%--- AM]T and may be obtained by solving the AEM for the
forced vibration problem

[P]Ag = b. (17)

By virtue of the fact that [ P] has zero eigenvalues, it is singular and therefore
cannot be inverted to solve for Agz. The vector Ay is composed of range space
eigenvectors and corresponding modal co-ordinates as

Ag = [E]rpr- (18)

\
[PJAg = [P][E]rPr = [E]r| 4 | Br =D, (19)
\ e

Therefore

where the identity [ P]E; = 4,E; has been employed. By left multiplying equation
(19) by [E]k the range space modal co-ordinates Bz, may be obtained:

\
Br = ((EIR[PI[E]x) '[Elkb =| 24" '| ((EJX[E]r) '[Elb. (20)
\r

where the required inverse will always exist.

If the eigenvectors are orthonormal [E]R[E]z = [I], equation (20) simplifies
accordingly and no matrix inversion will be needed. The particular solution may
then be obtained from a combination of equation (14) and (15), or equation (16),
using the range space eigenvectors and modal co-ordinates. Alternatively, A may
be calculated directly by left multiplying equation (20) by [ E]g, thus providing the
particular solution from equation (16).

The complete solution for the forced vibration problem may be constructed to
represent the displacement and velocity using a linear combination of the 2N FTM
of the homogeneous (null space) solution and the particular (range space) solution

q°(z):
q(0) = qf (@)1 + ¢F ()2 + - + ¢Enfov + 4" (1)
\
V(o) [{E1f1 + Eofy + -+ + Exnfoy + A} (21)
\

\
V(7) [{{ElxBy + [ElrBz}-
\
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g0 =qF'@p1 +a¥'@P2+ - + qivfon + 47 (1)
\

= SO [y + Eafo o 4 Enfoy AR ()
\

q \
- < \p(f\) {[EIxBy + [ElzBx)}-

Assembling equations (21) and (22) into matrix form we have

q1(1) — 45 (x)
q2(1) — ¢5(7)

[q’i‘(r) q3(0) - qiy (f)} B2
)

qr(0) q¥ (D) - et ©-da O], @)

qn() — qn (1)

where ¢;(t) and ¢f(t) are known at the beginning of each time interval. Once the
modal co-ordinates f§; are determined, the response of the N d.o.f. system for the
current time interval may be constructed from equation (21).

However, as an alternative solution procedure, Az may be computed directly
using the singular-value decomposition (SVD) [15, 17] inverse of [ P] denoted as
[P]":

Ag =[P]"b =[VI[S] '[U]"b. (24)

[U], [S], and [ V] are calculated by performing an SVD of [P], [U] is a column
orthonormal matrix. The inverse of [S] is merely a diagonal matrix containing the
reciprocals of the singular values ¢}, i.e., 1/5;, where 1/0; is replaced by 0 if ¢; = 0.
[V] is an orthonormal matrix. The columns of [U] corresponding to the non-zero
diagonal elements of [S] are a set of orthonormal basis vectors that span the range
space. The columns of [ V] corresponding to the zero diagonal elements of [S] are
an orthonormal basis for the null space. Thus, the SVD of [P] may be used
exclusively to calculate both the free and forced response solutions, since it provides
the null and range space basis vectors.
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The forced vibration (particular) solution for the N d.o.f. system may then be
calculated from equation (16) using Ag. When using the eigenvalue analysis or the
SVD to calculate the response, the degree to which 2N eigenvalues or singular
values respectively approach zero determines the accuracy provided by the TBF
chosen.

As described for the traditional procedure, the system response may be marched
in time, by updating the AEM at the beginning of each subsequent transition
interval, and by taking the initial conditions of the current transition interval as the
final conditions of the previous transition interval. Since the response for each
transition interval is represented by continuous functions via the TBF expansion,
once the solution is generated, the response may be evaluated at any time within the
transition interval.

Without specifying the initial conditions or forcing functions, the universal
procedure provides the general solution to linear dynamics problems via the TBF
and basis vectors. This capability is not provided by alternative numerical
integration schemes which require the initial conditions and specific forcing
functions to even begin implementation.

In summary, the complete response of an N d.o.f. time-invariant or time-variant
linear dynamic system may be determined as follows:

(1) Representing the dependent variables with trial TBF, perform an eigenvalue
analysis or SVD of [P].

(2) Obtain the fundamental algebraic system matrix [P], by altering the
quantity and/or character of the trial TBF and their associated parameters
including the length of the transition interval (to, t,) in equation (1), until 2N
eigenvalues or singular values of [ P] are as close to zero as deemed necessary
for the particular application. The [P] matrix producing the 2N “zero”
eigenvalues/singular values has then converged to the fundamental algebraic
system matrix [ P], also providing the null and range space basis vectors E;.
It may be helpful to check the accuracy of the response using HLVA (as
described in Section 3.1) after step (7), if there is any question as to the degree
of nullity of the 2N eigenvalues/singular values.

(3) Generate the FTM of the system using equations (10)

(4) Obtain Ay from equation (24) using an SVD of [P], or obtain fi from
equation (20).

(5) Generate the particular solution using equation (16).

(6) Utilizing the known initial conditions, solve equation (23) for the f;.

(7) Calculate the response of the system utilizing the f; in equation (21) by
sweeping 7 from 0 to 1.

(8) Set the final values of displacement, velocity and forcing function for the
current transition interval equal to the initial values of the following
transition interval.

(9) If the system parameters are time variant, go to step 2. Otherwise, go to
step 6.

This procedure results in the complete solution, but is also applicable solely to the
free response solution where Ag, Br, q°(r) and ¢” () are zero.
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2.3. ANALYTICAL EXAMPLE

The universal procedure is applicable to multi-d.o.f. systems. However,
a single-d.o.f. harmonically forced-damped-spring-mass system will be used for this
example, since the exact analytical solution for the response is well known and
available for comparison. This will also provide clarity to the implementation of the
universal procedure.

Upon substituting the kinetic energy and virtual work expressions for a
forced-damped-spring-mass system into equation (1), the following form of HLVA
is obtained:

[/ [ 4+ (o)~ ktora <2 Jo [ o -2 g4

2
ol U5 y

g 0, (25

0

where k, ¢ and m are the spring constant, damping coefficient and mass,
respectively, which may be time variant as indicated. g(t) is the time-dependent
co-ordinate, and F is the forcing function. ( ) signifies differentiation with respect
to non-dimensional time 7, where t = t,1.

With the use of the this procedure, any set of functions that span the vector space
FHEY4 may be used as TBF. Suppose from among all of the candidate basis
functions, the eigenfunctions of equation (25) were unknowingly chosen as the TBF
to solve for the response of this system. Indeed, the use of eigenfunctions is not
necessary, but serves to illustrate our procedure with clarity and elegance, and at
the same time demonstrates that HLVA is a fundamental law and not inherently
a numerical/computational procedure. Therefore, let

[W(r)] = [e b miovi=Our o(“lotioV1 =00t co5(Qt 1) sin(Qt7)],  (26)

where w, 2 and { are the natural frequency, forcing frequency and damping ratio
respectively. The time-dependent co-ordinate ¢(t) takes the following forms:

) = [ {4, 4 45 44}, @)
40 = WAL 4, 4 AL 28)
0q(t) = [W(1)]{0A4; 64, 0A3 5A.}", (29)
() = - T4, 04, 54, 54} 30

dr
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Upon substituting the above forms of the dependent co-ordinate into equation (25),
with F(t) = Fsin(Qt,7), the AEM become

0
00 0 07(4
00 0 0|4, 0 A
00 1 0|45 — Fo(2lwQ) > [PlAx=b. Gl
00 0 1lla,) |m0? =0 +02lor]
Fo(w?* — Q%)

ml(w? — Q%)% + (2LwQ)*]

The above equation is independent of t,. Therefore, if the TBF are chosen to be (by
accident!) the eigenfunctions of HLVA, the AEM become valid for any length of
transition interval! It is shown, therefore, that time marching is not an inherent
requirement of HLVA, but only becomes necessary when the TBF are not the
eigenfunctions, for whatever reason.

2.3.1. Free vibration (homogeneous solution)

For the free vibration problem the right-hand side of equation (31) is zero and the
solution resides in the null space of [ P] in F”". The eigenvalues and eigenvectors of
[P] are, respectively,

/L‘l,2,3,4 = Oa Os 15 19

1 0 0 0
E1:0, E, = 1, E3=0, E4=0.
0 0 1 0
0 0 0 1
Since two zero eigenvalues result, [P] = [P].
Alternatively, the SVD of [ P] is constructed as
[P] = [UI[SI[V]"
00 1 01 0O0O]OOTLO
000101 00| 0O0TO0°1
100000001000
Lo 1 0 0Jdoooolo100
' t of 1t oo offoo 1 0
| | 0 1]l o 1 0 0]l 00 O
| E, E, 0 0]l 0 0 00 _E, -
L | o0 o0dLoOo O OO - E, -
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The eigenvalue analysis or SVD gives the bases for the free (homogeneous) and
forced (particular) vibration solutions in F". Thus, it is demonstrated that for
a spanning set of basis functions, two zero eigenvalues/singular values per d.o.f. will
result.

The free vibration (homogeneous) solution ¢(r), may be constructed by
reattaching the expansion coefficients A to the TBF:

q(1) = [(W()1{4:;} = [W(OI{E S + Exf>} = qF(1) f1 + g3 (1) B2

_ e—ngfr(ﬁle(—mu—gz)zfz + ﬁze(iw\/Tgl)tﬂ)’ (32)

where the coeflicients A are represented by the modal expansion ¥, E;f;, the modal
co-ordinates f3; serving to satisfy the initial conditions. This is recognizable as the
general solution to the free vibration problem, valid for any interval of time. The
FTM for this solution are clearly the first two elements of the set of TBF. As
previously mentioned, the unique homogeneous solution may be generated via the
modal co-ordinates, once the initial conditions are chosen. The modal co-ordinates
p are determined using equation (13):

[q’f(()) q’z“(O)Nﬁl} _ [ 1 1 Mﬁl}
qi'(0) ¢3'(0) | (B2 —ot;((+i/1 =03 —ot(l—iJ1 =) B2

_ § 40

- {q'«»tf}’ 33

where the modal co-ordinates f§ become

.(Cwq(0) + 61'(0)> 4(0)
= +i + . 34
Pz (zwﬂ 2w /10 .
The final formal of the unique homogeneous solution is, therefore,
- {wq(0) + 4(0) .
) =¢ ot 22— Zsin(w./1 — Pty
(35)

+ q(0)cos(w/1 — Cztfr):|

which is valid for any interval of time (0, t;), where 0 <7 < 1.

2.3.2. Forced vibration (particular solution)

It may be noted that after multiplying the set of TBF (equation (26)) by the
eigenvectors E; and E,, the general form of the forced vibration (particular)
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solution is realized. Therefore, E; and E, do indeed form a basis for the general
forced vibration solution space in F". However, this does not directly give Ag.
Obviously, Az may be determined by inspection of equation (31). However, in
general, this may not be so easy. Az may be obtained by first solving for the range
space modal co-ordinates Bz using equation (20):

\ — Fo(2{wQ)
Bu= |27t | (EsE.Jk [EsEg]o) ' [E:EJfb — { M7 =997+ CLod )
\ Fo(w2 — QZ)
R ml(w?* — Q%)% + (2LwQ)*]
(36)

and then computing Ag:

0
Ay
A, 0
A, =Ag = [E3E4]RBR = _ Fo(zcwg) . (37)
Ay m(w* — Q% + (2{wQ)*]
Folw? — 0?)

ml(w?* — Q%) + 2LwQ)*]

Alternatively, A may be determined directly by employing the singular-value
decomposition inverse of [ P] in the following way:

0

A, 00 0 0

Al o ppep| 00 00 0 58)

A, 0010 — Fo(2{wQ)

A, 00 0 1 m(@? — Q) + 2{wR)*]
Fo(w?* — Q%)

m(w?* — Q%) + 2LwQ)?]
Having obtained Ag, the forced vibration (particular) solution ¢*(t) becomes

— Fo(2LwQ)cos(Qt;7) + Fo(w? — Q*)sin(Qt,7)

q° () = [W(1)]Ar = m[(w2 _ QZ)Z + (2{0)9)2]

(39)
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The complete solution, being the sum of the homogenous (null space) and
particular (range space) solution is

q(v) = q1 (1) f1 + g3 ()2 + ¢°(7)
— e—{wtfr(ﬁle(—iw\/lT{Z)tfr + ﬁze(iw\/lTCz)tfr) (40)

— Fo(2LwQ)cos(Qt,7) + Fo(w? — Q%)sin(Qt,7)
ml[(w?* — Q%)% + 2LwQ)*]

As can be seen, this is the complete response of a harmonically
forced-damped-spring-mass system, where the null space modal co-ordinates f,
and f3, can be determined from the initial conditions. Utilizing equation (23) we
have

1 1 ﬁ1}
[ —ot({ +iJ1 =) —ot((—iJ/1 — «:2)] {ﬁz

Fo2lwQ (41)
[(@* — Q%) + (2{wQ)*]
Fo(w? — Q*)Qt; ’
m(w?* — Q%)? + 2{wQ)*]

q(0) + "

q00)t; —

where the null space modal co-ordinates f§ become

22 m(e? — Q%) + (2L0Q)]

+ i{ {wq(0) n Fol?w*Q

T RoJ1 =2 oJ1 =Cm[(0* — Q%7 + (2Lw)?]

() Fo(0® — Q*)Q }
20 /1 =3 20J1 = Cm(0? — Q2?2 + 2lwR)?])

The final form of the unique complete (homogeneous and particular) solution is,
therefore,

— o lott ZCQ)‘QFO 2
q(r) = e " {(q(()) + ml@” — 07 1 (2CwQ)2]>cos(a). /1 — Pt7)

Lwq(0) + 4(0) FoQQRlw? — (w?* — Q) ) . — }
’ { o 1= g 1= mle? — @7 + ety OV

— 2LwQFycos(Qt;7) + Fo(w? — Q%)sin(Qts7)
ml(w?* — Q%) + 2LwQ)*] ’

(42)

(43)




TIME MODES AND LINEAR SYSTEMS 1205

which is valid for any transition interval (0, t;), where 0 <7 < 1, and can be
compared with the well-known differential equation solution.

Hamilton’s law of varying action, for the first time, has generated the exact
analytical general and wunique response solutions of a harmonically
forced-damped-spring-mass system. This example has served to validate the
universal procedure and also demonstrated that HLVA is not inherently
a numerical method. It was also demonstrated that time marching is not necessary
if the chosen TBF happen to be the eigenfunctions.

Many problems will not have closed-form eigenfunctions, so constructing
their approximations using TBF that span Z " is the only alternative.
Since in most practical applications, the TBF are not the eigenfunctions of HLVA,
the response can only be accurately approximated over a finite interval of time.
Therefore, to calculate an accurate response in this case, the global time domain of
interest has traditionally been divided into contiguous intervals of time which are
referred to as transition intervals, where the TBF serve to approximate the response
over these shorter time intervals thereby providing a more accurate approximation
of the system response. However, as pointed out previously, the global time interval
must be traversed by marching in time from one transition interval to the next,
taking the initial conditions of the current transition interval as the final conditions
of the previous transition interval.

The length of a transition interval depends on how closely the TBF approximate
the eigenfunctions of HLVA in ZH% in that interval. The closer the
approximation, the larger the transition interval and wvice versa. By default,
eigenfunctions are the optimal set of basis functions for this vector space as
illustrated by the previous analytical example.

It would therefore be advantageous to use TBF that are good global
approximators. In this way, these TBF would be well-suited for emulating the
eigenfunctions of a broad class of dynamic systems. If good global approximators
were used as TBF, they would more than likely yield a high accuracy over a large
transition interval. Indeed, such robust TBF might be desirable for minimizing
computational time.

In recent years, radial basis functions (RBF) have grown in popularity due to
their reputation as good global approximators. If implemented in HLVA, these
characteristics might prove advantageous for increasing the transition interval size,
while maintaining reasonable accuracy. Toward this end, we wish to investigate
their usefulness as TBF, and do so by demonstrating the universal procedure on
a single-d.o.f. forced-damped-spring-mass system.

3. GAUSSIAN RADIAL BASIS FUNCTIONS

While there are several forms of radial basis functions, the form presently chosen
for utilization as TBF has a Gaussian distribution,

e Ko, (44)
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where 1; are the centers located at various non-dimensional times with respect to
a non-dimensional transition interval from 0 < 7 < 1. K is inversely proportional
to the spread of the RBF with respect to the center located at ;.

Theorem 1.3 of reference [18] states that any continuous function can be
approximated using a sufficient number of Gaussian RBF. Thus, the Gaussian RBF
form a spanning set for the vector space P and are thus admissible basis functions
for use in HLVA. For the Gaussian RBF, the accuracy of approximation is
governed by the quantity and location of centers, as well as the spread of each basis
function.

If the task at hand is to interpolate a known function, several techniques
including the method of least squares may be used to optimally locate the centers.
However, since the system response is not known a priori, arbitrary placement of
centers is appropriate and is employed with success. Equispaced centers with large
spreads seem to work best for the applications studied herein.

From here on, the Gaussian RBF will be referred to as Gaussian TBF, to empha-
size their temporal characteristics. Using the Gaussian TBF, the dependent variable
and its variations for the single-d.o.f. forced-damped-spring-mass system are

n

) = Y A KD [y ) 45)
/) = 3 2K (e = 0K — L [ (46)
Sq(0) = Y, e K2t D o, @)

3q' (1) = ; (t; — 1) A;e K& 2mr s 4. (48)

It should be noted at this point that neither the initial displacement nor the initial
velocity are represented by any one explicit coefficient in the above TBF expansions
(all coefficients are unknown).

Substitution of equations (45)-(48) into equation (25), results in the matrix

equation
Jl [41(2( e, — 1) — KO

0 m(t)

t 2 2 2
_ 2K(1,'j _ r) C(T) f:|e—K(21 -2t -2ty ) {p {A}

m(t)
—2K(t; — 1)e*K(2*21,»*21:j+ri2+rf) + 2K,EjefK(z?+r§) (49)
:{Jl B (‘C)tf K(rz_2r11+rf)dr} i,j=1,2,....n
o m@

[P1A=0,b
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The response of the system is determined by using the procedures described in
sections 2.2.1. and 2.2.2. All of the calculations were performed using MATLAB.
The elements of the trial fundamental algebraic system matrix [ P] and b matrices
were computed using 10-point Gauss-Legendre integration [17].

3.1. ACCURACY

HLVA is a fundamental law [12, 19] and is not a numerical/computational
procedure. However, in most practical applications, numerical procedure are used
to solve the AEM resulting from HLVA. In as much as HLVA is a fundamental
law, the check on the accuracy of the approximate solution cannot be an
assessment or evaluation of HLVA but an evaluation of the methodology and TBF
used therein.

In many of the previous papers on HLVA by other authors, the accuracy of the
approximate solution was determined by substituting the calculated displacement
and its derivatives into the differential equations (DE) of the system (obtainable by
integrating HLVA by parts with respect to time, and then recovering the DE from
the integrand), and observing how well the DE were satisfied. Although this is
a legitimate approach for checking accuracy, it seems rather unnecessary in that the
DE have no more utility to offer than HLVA from which they can be obtained.
Utilizing the following procedure results in a consistent method whereby the
solution and its accuracy are ascertained using HLVA solely, without reference to
the DE of the system.

Once the system response is obtained, the dependent variables are now known
functions of time. The chain rule may now be utilized in the § operation® (as defined
in the sense of Bailey [12]) as follows

a( - o

5(+-) = (6q' )(Sq' + (6q )5q, (50)
_0(-)0g o 0(-)0q

5("')_a—q55[+6—q_t&’ (51)

where 0t does not signify a variation of time, but an increment of actual time along
the actual path.

When the response is sought, its time dependence is not yet known and thus the
o0 operation as indicated by equation (50) stops short of implementing the chain rule
with respect to time (an operation which renders interpretation of  as the “virtual”
change operator). However, once the solution is obtained, the response is a known
function of time, and therefore the chain rule in the 6 operation may be carried out

If one would like to view J as the traditional virtual change operator in which time is frozen and in
which dq and d4 are arbitrary variations, one by definition, is free to choose them as equivalent to
actual variations along the path of motion over a small “actual” interval of time. Therefore, in the
sense of Bailey, the operations described following equation (50) can also be fully justified from this
perspective. Note that if the solution is unknown, one can only go as far as equation (50) in which case
the 6 operation becomes identical to the traditional “virtual variation” operation.
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as shown in equation (51) (an operation which renders the é operation as marching
along the actual path). Hence, it is this versatile interpretation of the ¢ operation
that makes it possible for the construction of the following accuracy test.

Upon utilization of the é operator in HLVA as shown in equation (51) above,
equation (1) for a forced-damped-spring-mass system becomes

ty iy
f (Mg — Kq— Cg+ F)gdt — Mg*| =0, (52)
to

to

where 6t has been divided out. The accuracy of the response may now be
determined by the degree to which the calculated displacement and its derivatives
satisfy equation (52). Thus, HLVA generates a solution and provides an accuracy
check by using the “virtual” and “actual” interpretations of the 6 operator
respectively, without any reference to differential equations.

3.2. COMPARISON TO POWER SERIES TBF

The benefits of using Gaussian TBF as an alternative to power series were
evaluated by comparing the peak errors in the approximate response solutions of
four different forced-damped-spring-mass systems. The parameters of the four
systems are shown in Tables 1 and 2. These four systems were chosen to evaluate
any improvement the Gaussian TBF might provide over the use of power series
TBF in approximating the exact response, for a system with a stable, unstable and
a neutrally stable oscillation, as well as a system with external forcing. Although the
power series could have been employed using the traditional procedure, they were
implemented using the universal procedure, providing a consistent comparison
with the Gaussian TBF. In all cases the SVD was used exclusively to calculate the
response.

The peak errors in the calculated response, over an elapsed time of 70 seconds,
for three unforced systems are presented in Table 1. Since the calculated response
for each transition interval is a known function of time via the TBF expansion, it is
possible to determine the response at any time within each transition interval. The
errors in Table 1 resulting from the use of power series and Gaussian TBF were
evaluated at time steps of 0-005, 0-125, and 0-0375 s for transition interval sizes of
At =01, 25, and 3-333 s respectively. Since the period is 7 seconds long,
a transition interval of 3-333 s is slightly larger than one complete period.

In addition to the peak errors from equation (52) (which is all that is necessary to
check accuracy), the peak error in the DE as well as in the displacement alone, is
included in Table 1 to satisfy the skeptic. Many different combinations of Gaussian
TBF were investigated to arrive at a combination that yielded accurate solutions to
the forced-damped-spring-mass problems studied herein. It was noted that the
accuracy is highly dependent on the position of the centers and on the exponent
K (spread). The Gaussian TBF centers and spread are listed in Table 1. Ten power
series and 10 Gaussian TBF were used in each case. The Gaussian TBF for the
largest transition interval are shown in Figure 2.
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TABLE 2

Peak errors over an elapsed time of 70 s

44 4+ 054 + 16g =1 + ¢ + sint
q(0) =025, 4(0) =1

Peak error Peak Peak error
in differential displacement in HLVA
equation error equation (52)
|q - qexactl
Gaussian TBF*, 4t = 0-1
8:17699¢-04 3-:50595¢-08 1-55401e-09
Power series TBF, At = 0-1
5-75624e-04 1-09491e-07 1:67690e-08

*{centers: —0-25, 00, 0-5, 1-0, 1-25}, K = 0-009.

¥ (0)

0 01 0-2 03 0-4 05 06 07 0-8 0-9 10

Figure 2. Gaussian temporal basis functions. Centers: { —1-0, 70~%, 70-5, 00,...,2:0}.
Spread: K = 1-31.

The error in the DE resulting from the use of the approximate displacement and
its derivatives, is a combination of the errors from the displacement, velocity and
acceleration approximations. As such, this error is much larger than the error in
displacement alone. This fact is illustrated in Table 1. On the other hand, equation
(52), being an integral equation, tends to smooth out or diminish the errors in the
approximate displacement and its derivatives. Thus, smaller tolerances are required
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when using equation (52) to check the error as opposed to larger tolerances
appropriate when using the differential equations themselves.

The power series TBF displays outstanding results for the smaller transition
intervals, providing better accuracies than the Gaussian TBF. For the fixed number
of basis functions, the accuracies provided by the power series TBF decreased as the
size of the transition interval increased. Although the Gaussian TBF displays the
same trend, they are able to provide better accuracies than the power series TBF at
the larger transition intervals.

The peak errors in the calculated response of a forced system over an elapsed
time of 70 s were also investigated. The system parameters and peak errors in the
calculated response are presented in Table 2. Five Gaussian and five power series
TBF were used with 700 transition intervals of 0-1 s each. Here, the Gaussian TBF
provided a more accurate response.

3.3. COMPARISON WITH HERMITE INTERPOLATION POLYNOMIALS

Baruch and Rift [7] used third order Hermite interpolation polynomials as their
basis functions, to solve initial value problems using HLVA. They presented results
for several example problems. In particular, the results from two example problems
presented in Table 1 and 3 of reference [7] were compared against the solutions
generated using Gaussian TBF. The comparison between the approximate
displacement and velocity generated using Gaussian TBF and the third order
Hermite polynomials, as well as the exact solution is presented in Table 3, along
with the system parameters. The Gaussian TBF centers were located at
non-dimensional temporal locations of —0-25, 0, 0-5, 1-0 and 1-25 s with K = 0-009.
Comparisons were made at 1 and 20 s elapsed time. The transition interval size in
all cases were 0-0625s. The SVD was used exclusively to calculate the response.

Typographical errors occurring in Table 3 of reference [7] for the exact solution
were corrected herein. As can be seen from Table 3, the Gaussian TBF yielded a more
accurate solution than the Hermite polynomials for both cases of damping ratio.

4. TIME MODES

As previously described, the calculated response is composed of FTM along with
their modal co-ordinates. The product of a FTM and its modal co-ordinate
generates a NTM.

For time-invariant systems with transition intervals of fixed length, the
fundamental algebraic system matrix [ P] and its eigenvectors, do not change from
transition interval to transition interval. The FTM being composed of these
eigenvectors remain unchanged as well. Thus, one set of FTM over one transition
interval is all that is necessary to generate the response for all subsequent intervals.
This is possible, due to the fact that the modal co-ordinates are scaled such that the
boundary conditions at each transition interval are satisfied. For a time-variant
system, where the [ P] matrix and its eigenvectors change from one interval to the
next, the FTM are additionally functions of the transition interval as well.
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Referring to Figure 3, we observe the FTM resulting from the use of Gaussian
TBF for the undamped and unforced system of Table 1, with At = 3-333 s (a single
transition interval which is larger than the period of the system). Here it can be seen
that the FTM are the same for each transition interval. Moreover, they are
discontinuous at the boundaries of each interval.

Figure 4 presents the null space modal co-ordinates f§; , for each transition
interval. The modal co-ordinate distribution shown ensured that the initial
conditions of each transition interval were matched to the final conditions of the
previous transition interval. The modal co-ordinates are constant for each
transition interval.

The modal co-ordinates may also be viewed as FTM participation factors. For
example, Figure 4 presents the modal co-ordinates, or FTM participation factors,
for the undamped and unforced system of Table 1. It can be concluded from this
figure that near 25s, 5, > f§,, and therefore, the first FTM acts more like
a displacement mode than the second FTM. However, near 40s, i, > f;, and
therefore, the second FTM acts more like a displacement mode than the first FTM.
This exchange between the first and second FTM can be seen in what appears to be
“beats” in the NTM as shown in Figure 5.

The NTM are also discontinuous. Adding these NTM together results in the
response shown at the bottom of Figure 5. A similar set of plots are shown in
Figures 6-8, where power series TBF were used to solve the undamped and
unforced system of Table 1.

_(b) I I I I | |

| | | | | 1
0 10 20 30 40 50 60 70
Time (s)

Figure 3. Fundamental-time modes for 4§ + 16g = 0, using Gaussian TBF: (1) FTM gf; (b) FTM
q3. q(0) =025, 4(0) =1, 4t = 3-333 5.



1214 H. OZ AND J. K. RAMSEY

05 - — — .

05 — §

1 1 | 1 | 1
0 10 20 30 40 50 60 70
Time (s)

Figure 4. Modal co-ordinates for 4§ + 16q = 0, using Gaussian TBF: (a) modal co-ordinate f3;;
(b) modal co-ordinate f3,. ¢(0) = 0-25, §(0) = 1, 4t = 3.333 s.

1-0 @ T T T T T T
a
o5 4
o
—05 | 4
-1.0 1 1 ] ] ] ]
0 10 20 30 40 50 60 70
1-0 5 T T T T T T
05 | (b)
o
-05 | A
-1.0 1 1 ] ] ] ]
0 10 20 30 40 50 60 70
1-0 T T T T T T
(©
05
S 0 H
—05 | 4
10 ] ] ] ] ] ]
0 10 20 30 40 50 60 70
Time (s)

Figure 5. Normalized-time modes and response for 4G + 16q = 0, using Gaussian TBF: (a) NTM
qiP1; (b) NTM g¢%p,; (c) response g. q(0) = 0-25, (0) = 1, At = 3-333 s.
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Figure 6. Fundamental-time modes for 4¢ + 16q = 0, using power series TBF: (a) FTM g¢%;
(b) FTM g3. q(0) = 025, 4(0) = 1, A4t = 3-333 s.

-1-0 1 1 1 1 1 1
0 10 20 30 40 50 60 70

Time (s)

Figure 7. Modal co-ordinates for 4§ + 16g = 0, using power series TBF: (a) modal co-ordinate f5;;
(b) modal co-ordinate f3,. ¢(0) = 0-25, §(0) = 1, 4t = 3-333 s.




1216 H. OZ AND J. K. RAMSEY
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Figure 8. Normalized-time modes and response for 44 + 16q =0, using power series TBF:
(a) NTM g*p;; (b) NTM g3p,; (c) response ¢q. q(0) = 025, 4(0) = 1, At = 3-333s.

5. CONCLUSIONS

A vector space approach for generating the response of linear systems using
HLVA has been presented. This approach, denoted as the universal procedure,
removes all boundary (initial) condition constraints on the TBF expansion while
preserving HLVA in its original form. This procedure provides for the broadest
choice of admissible TBF.

As a result of this new approach, it has been demonstrated that the free and
forced response of linear dynamic systems are composed of FTM along with their
corresponding modal co-ordinates. These FTM serve to form the general free
(homogeneous) and forced vibration (particular) response solutions, without
specifying the initial conditions or forcing functions respectively. The unique
response solutions is subsequently obtained by scaling the modal co-ordinates
using the initial conditions and forcing functions. The modal co-ordinates thus
serve to normalize the FTM such that the initial conditions are satisfied. The full
implication of the fundamental and normalized time modes have yet to be fully
realized.

Hamilton’s law of varying action has been demonstrated to generate an
approximate response solution and assess the accuracy without reference to
differential equations, by using the “virtual’ and “actual” interpretations of the
0 operator respectively.

The power series being a natural basis for the vector space of polynomials, are
a wise choice for TBF and yield outstanding results. However, for the same number
of basis functions, the Gaussian TBF offer higher accuracies than the power series
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the larger transition intervals. With the use of the universal procedure in

conjunction with Gaussian TBF, transition intervals (time steps) of unprecedented
length (larger than the period of motion) are now possible, while maintaining
reasonably accurate solutions.
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APPENDIX A: NOMENCLATURE

column vector of temporal basis function expansion coefficients, {a;}
ith temporal basis function expansion coefficient
column vector of temporal basis function expansion coefficients, {4;}
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LV]
W
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ith temporal basis function expansion coefficient, a;’;

[E]rBr

algebraic equations of motion

right-hand column vector of external forcing functions

right-hand column vector of initial conditions and external forcing functions
damping

differential equation

degree of freedom

modal vector € F"

modal matrix of null space eigenvectors, [E; --- E,y]

modal matrix of range space eigenvectors, [E,y. 1 -+ Ey,]

external forcing function

fundamental-time mode

vector space of functions that satisfy HLVA, <P

vector space of co-ordinates

Hamilton’s law of varying action

summation, matrix and vector indices

stiffness

exponent governing spread of Gaussian TBF

mass

total number of TBFs

total number of degrees of freedom

normalized-time mode

fundamental algebraic system matrix

fundamental algebraic system matrix for traditional procedure

vector space of polynomials

column vector (N-tuple) of co-ordinates ¢, € #
initial displacement

ith FTM containing components {g}};, for each d.of. 1 <i <2N (<Nn for
forced systems)

column vector (N-tuple) of co-ordinates g7, for particular solution, € &
co-ordinate of rth d.of, e ZH" 1 <r < N

co-ordinate of rth d.o.f. for particular solution, € F#" 1 <r <N

rth d.o.f. component of the ith FTM e "X 1 <i < 2N (<Nn for forced
systems)

index of dof,1<r<N

radial basis function

index of eigenvalue, 4

diagonal matrix of singular values

singular-value decomposition

time

final time of interval

initial time of interval

kinetic energy

temporal-basis function

column orthonormal matrix containing basis vectors that span the range space,
e F"

orthonormal matrix containing basis vectors that span the null space, € F”
initial velocity

virtual work expression

modal co-ordinate, € F"

modal co-ordinates corresponding to null space eigenvectors, [f; --- Boy]" € F”
modal co-ordinates corresponding to range space eigenvectors,

[Bans1- Brnl" € F"

HLVA

HLVA
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operator defined in reference [12]
length of time of transition interval
damping ratio

eigenvalue of [P]

singular value

non-dimensional time

temporal center of Gaussian TBF
row vector of TBF, e #HL
natural frequency

forcing frequency

derivative with respect to non-dimensional time
derivative with respect to real time
trial entities

entities in null space, € F"

entities in range space, € F"
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